We develop a positivity-preserving finite difference WENO scheme for the Ten-Moment equations with body forces acting as a source in the momentum and energy equations. A positive forward Euler scheme under a CFL condition is first constructed which is combined with an operator splitting approach together with an integrating factor, strong stability preserving Runge-Kutta scheme. The positivity of the forward Euler scheme is obtained under a CFL condition by using a scaling type limiter, while the solution of the source operator is performed exactly and is positive without any restriction on the time step. The proposed method can be used with any WENO reconstruction scheme and we demonstrate it with fifth order accurate WENO-JS, WENO-Z and WENO-AO schemes. An adaptive CFL strategy is developed which can be more efficient than the use of reduced CFL for positivity preservation. Numerical results show that high order accuracy and positivity preservation are achieved on a range of test problems.
Introduction
The Euler equations are used to model compressible flows but there are many situations where classical Euler equations cannot be used [4, 5, 29, 28, 27, 26] . In case of Euler equations, pressure is a scalar quantity, which comes from the assumption of local thermodynamical equilibrium. But in many situations, local thermodynamical equilibrium is not valid and for such situations, several alternative models are proposed [20, 21] . Ten-Moment equations is one such model which allows anisotropic effects in the flow and produces the symmetric tensorial description of the pressure field.
The Ten-Moment equations form a system of hyperbolic conservation laws [20, 21] . The appearance of shock, contact and rarefaction waves [10, 35, 11, 8] in the solution makes it difficult to develop non-oscillatory higher order numerical schemes for this model. The oscillations can lead to loss of positivity of density and/or the loss of positive definiteness of the pressure tensor, which leads to break down of the simulations. Many numerical schemes have been proposed in the literature based on different approaches. TVD type limiters are commonly used to control spurious numerical oscillations may not be enough to prevent loss of positivity. Berthon [5, 4] designed first order positivity preserving scheme and first order entropy stable schemes. Meena et al. [28] proposed a positivity preserving discontinuous Galerkin method and results are presented for degree upto three. Further a second order positivity preserving finite volume scheme is developed in Meena & Kumar [26] where positivity is achieved by applying appropriate conditions on slopes of reconstruction. An entropy stable finite volume scheme is developed by Sen & Kumar [30] .
The weighted essentially non-oscillatory (WENO) schemes are higher order accurate spatial reconstruction techniques that can be used for numerical solution of hyperbolic conservation laws. They are very often used to simulate compressible flows due to their capability to capture small scale structures with a high resolution and resolving shocks in a non-oscillatory manner. WENO scheme was developed by Liu et al. [24] in a finite volume framework, as a convex combination of stencils used in ENO scheme [32, 33] and have an advantage of one extra order of accuracy over the ENO scheme. Over the years, WENO schemes have witnessed many developments and improvements [17, 13, 2, 31, 7, 9, 1] . In particular, we refer to some WENO schemes which are relevant to the current work, namely, WENO-JS [17] , WENO-Z [7] , WENO-ZQ [41] , and WENO-AO [1, 15, 19, 18] .
High order positivity preserving schemes are built by first constructing a first order scheme which is provably positive under some CFL condition. Usually, upwind type schemes or those based on exact or approximate Riemann solvers like HLL/HLLC [3] or relaxation solvers [36] , [34] can be proved to be positivity preserving. Another important class of positive schemes are central schemes like Lax-Friedrich or local Lax-Friedrich's which can be proven to be positive for many systems of conservation laws and is also used in the present work within a finite difference WENO setting. High order positivity preserving schemes have been developed in [37] using a scaling type limiter applied to the reconstruction polynomial. This type of scaling limiter has been very successful in case of other numerical schemes also and has been used with WENO and DG schemes. Positivity preserving finite volume WENO and DG schemes were developed in [38] and finite difference WENO schemes in [40, 14] . The other positivity preserving schemes for Euler equations with and without source term can be found in [39, 12] .
In the present work, we have developed a positivity preserving finite difference WENO scheme for the Ten-Moment equations with source term originating from body forces. The scheme consists of two main ingredients due to the operator splitting approach employed to deal with the source terms: (a) a positive finite difference WENO scheme for the hyperbolic part using a scaling type limiter, and, (2) an integrating factor strong stability preserving Runge-Kutta scheme to include the effect of the source term. The positivity property of the present algorithm is independent of the type of WENO reconstruction and order of WENO scheme. To demonstrate the idea of positivity preservation, we have considered three fifth order WENO reconstruction schemes: WENO-JS [17] , WENO-Z [7] and WENO-AO [1] . Our analysis to achieve the positivity preservation of the scheme is similar to the approach discussed in [40] where the flux reconstruction polynomial is modified with a scaling limiter based on the ideas of Zhang and Shu. We use local Lax-Friedrich splitting of the flux and prove the positivity of the splitting for the Ten-Moment equations. The forward Euler scheme together with WENO reconstruction is written as a sum of two terms originating from the flux splitting. A scaling type limiter is used to modify the numerical fluxes so that the two parts are each positive under a CFL condition.
The source term in the Ten-Moment equations originating from the body forces is linear in the conserved variables which allows us to solve the source ODE exactly in case of time independent sources and approximately if the body force potential is time dependent and cannot be integrated exactly. In either case, we can show that the solution of the source ODE is positivity preserving without any restriction on the time step, and this holds both forward and backward in time. The complete update is achieved by using the integrating factor, strong stability preserving Runge-Kutta schemes developed in [16] and we demonstrate this approach using third order time integration.
The resulting algorithm is provably positivity preserving under a time step restriction which is α x ∆t/∆x ≤ 1 12 in 1-D and (α x /∆x + α y /∆y)∆t ≤ 1 12 in 2-D, where α x , α y are the maximum wave speeds occuring in the whole mesh along the x, y directions, respectively. The CFL of 1/12 is a consequence of the fifth order WENO reconstruction scheme that we employ for the hyperbolic part of the model. The use of such a small CFL can lead to small time steps and consequently increased computational cost. In order to improve this situation, we propose and test an adaptive strategy where the finite difference scheme with CFL ≈ 1 is first used to update the solution and if positivity is lost, then we repeat the time update with the reduced CFL of 1/12 together with the positivity limiter. We show in some numerical experiments that this strategy is faster than using the reduced CFL in all the time steps. Numerical tests show that the proposed scheme give stable computations which would break down if positivity limiter is not used.
The rest of the article is organized as follows. In Section (2), we introduce the Ten-Moment Gaussian closure equations with source term and discuss its hyperbolicity and positivity of the source operator. Section (3) gives the main time stepping algorithm based on the integrating factor approach. The WENO scheme in 1-D is introduced in Section (4) and its positivity property under a scaling limiter is eastablished. The corresponding scheme in 2-D is introduced in Section (5). We then explain the algorithm including the adaptive CFL approach in Section (6) . A comprehensive set of numerical tests is performed in Section (7) to show order of accuracy, non-oscillatory property and positivity preservation. Finally, the paper ends with a summary and conclusions.
Ten-moment equations with source term
We consider the Ten-Moment equations with source term [22, 23, 6, 5] which is a system of balance laws given as,
where ρ, v, and E represent the density, velocity and symmetric energy tensor and the symbol ⊗ denotes the tensor outer product and the superscript (·) s denotes the symmetric tensor outer product [29] . The variable p is the symmetric pressure tensor and is related to the energy tensor by the equation of state,
and W (x, y, t) is a given potential function whose gradient gives an external body force term. In two-dimensions, the system (2.1) can be written as,
and the source,
Here v 1 and v 2 are components of two-dimensional velocity v; E 11 , E 12 and E 22 are components of two-dimensional symmetric energy tensor E and p 11 , p 12 and p 22 are components of two-dimensional symmetric pressure tensor p. We aim to find the solutions in the following convex set of physically admissible states,
which contains the states u with positive density and positive definite pressure tensor. The positive definiteness of p implies that p 11 + p 22 > 0 and det p = p 11 p 22 − p 2 12 > 0. As a consequence, we also have the condition that p 11 > 0 and p 22 > 0. From [28] , we have the following result for the hyperbolicity of the system. Lemma 1. For u ∈ U ad , the system (2.1) without source term is hyperbolic. The eigenvalues for the system are given as,
along the unit vector n. The first eigenvalue has two order of multiplicity and it is associated to a linearly degenerate field. The second eigenvalue has one order of multiplicity and is associated to a genuinely nonlinear field. The third eigenvalue has one order of multiplicity and is associated to a linearly degenerate field.
Remark 1. For later use in the numerical schemes, we define the maximum wave speeds for the Ten-Moment model along the two coordinate directions by
Remark 2. We will refer to the set of variables ρ, v, p as primitive variables. We can of course uniquely convert between primitive and conserved variables.
Our numerical strategy for including the source term in the numerical scheme is based on an operator splitting scheme. The Lemma below shows that the source term alone leads to a positive solution. We assume that the spatial location is fixed and hence the space coordinate is not specified in the ODE system. is positivity preserving, i.e. u(t) ∈ U ad at any time t implies u(t + τ ) ∈ U ad ∀ τ ∈ R.
Proof. We write the source ODE in the following form,
where B(t) is the following matrix,
For given u(t) ∈ U ad , solution of the ODE at time t + τ is the given by, 
Then the velocity components are given by,
and the pressure components are given as,
Similarly, it can be shown that p 12 (t + τ ) = p 12 (t) and p 22 (t + τ ) = p 22 (t). We see that the density and pressure solution at time t + τ coincide with the corresponding solutions at time t, unconditionally (without any condition on W ). Hence, we can conclude that for any given potential function W (x, y, t), the solution of the source ODE is positivity preserving.
Remark 3. The source operator does not change the density and pressure tensor which means that an initial positive solution remains positive at all times under the action of the source term alone. The positivity property of the source term holds both forward and backward in time. This allows us to use standard SSPRK schemes to achieve the positivity property of the entire scheme including the hyperblic part of the model. The proof also holds if we replace the integrals in the definition of a,b with some quadrature rule in case the integrals cannot be analytically evaluated.
Discretization with source term
Let us assume that we have discretized the flux divergence term in the balance law by a finite difference scheme leading to the system of ordinary differential equations which can be written in the form
Since the source term is linear in the unknown solution u we can use an integrating factor approach [16] . Using an exponential integrating factor, we can transform this ODE to
We can now apply the standard third order accurate strong stability preserving scheme to the above ODE leading to the following set of update equations
and the expressions for the matrices C and the exponential matrix have already been given in the previous sections. If the matrix B does not depend on time, the integrating factor SSPRK3 scheme takes the following form,
If there is no source term in the model, then the exponential factors must be replaced with an identity, leading to the standard SSPRK3 scheme. We observe from the above update equations that it is composed of a forward Euler scheme in a convex combination with some exponential factors. The exponential factors provide an update to the source ODE and we have already proven that this step is positivity preserving under any time step ∆t. One of the exponential factors in the second stage has a negative sign in the exponent which means that we are evolving the source ODE backward in time. However, the solution of the source ODE is shown to be positive for both forward and backward in time integration. It therefore remains to ensure that the forward Euler scheme is positivity preserving which then ensures that the third order update scheme is also positivity preserving.
Theorem 1. Assume that the forward Euler scheme is positivity preserving, i.e.,
Then the third order SSPRK scheme (3.1) or (3.2) is positivity preserving under the same restriction on the time step.
The remaining part of the paper will be concerned with constructing a finite difference scheme such that the forward Euler scheme is positive. Since the multi-dimensional scheme is based on a combination of one dimensional schemes, we start by considering the one dimensional scheme in more detail.
1-D finite difference WENO scheme
We discretize the domain into a uniform mesh with nodes x i and define x i+ 1 2 = 1 2 (x i+1 + x i ) which are the location of the cell faces, and the cells
is given by the forward Euler scheme
where λ = ∆t ∆x with time step ∆t and f i+ 1 2 is the numerical flux defined at the interface x i+ 1 2 . It is enough to consider the positivity of the above forward Euler scheme, since higher order accuracy in time is achieved by a SSPRK scheme which involves convex combinations of forward Euler scheme.
To ensure the stability of the numerical scheme for hyperbolic PDEs, we first split the flux into positive and negative parts,
The simplest splitting is a Lax-Friedrich splitting of the form,
where α is an estimate of largest wave speed. In practice, we use a local Lax-Friedrich splitting where α is estimated using some local data around each face as explained below. The WENO reconstruction can be performed directly over split fluxes f ± or after performing a transformation to characteristic variables. We perform it via characteristic variables since this is known to give better control on the oscillations. Let us fix the cell face located at x i+ 1 2 and briefly explain the WENO procedure to compute f i+ 1 2 . We consider the two states u i and u i+1 , and compute their averageū i+ 1 2 = 1 2 (u i + u i+1 ). We denote the matrix of right eigenvectors and matrix of left eigenvectors of the flux Jacobian ∂f ∂u (ū n i+ 1 2 ) by R i+ 1 2 and L i+ 1 2 . The expressions for the eigenvectors can be found in [25] . For fifth order WENO reconstruction, we need a five point stencil. So, for reconstruction of f + i+ 1 2 , we need following values,
and for reconstruction of f −
, we need,
The quantities f ± j for all given j in (4.2) and (4.3) are transformed to the local characteristic field as,
Using these local characteristic states, we perform the WENO reconstruction [40] and denote the reconstructed values by F ±
The reconstructed values are transformed back to the conserved variable by multiplying with the matrix of right eigenvectors as,
Finally, the numerical flux is given by
In order to establish the positivity property, we first show some preliminary results and then discuss the positivity limiter.
Positivity property
We introduce the new variables inspired by the Lax-Friedrich splitting [40] as,
which provides a splitting of the conserved variables since
The definition of α(u) is given in (4.4). We have the following positivity result for w ± (u).
Proof. From the definition of w ± , we have,
We show that w + ∈ U ad and the proof for w − can be shown similarly. Let us denote the primitive variables corresponding to V + as,
For positivity of density, we have,
For positivity of symmetric pressure tensor, first we show the positivity of p 11 (V + ) as follows,
But using (4.6), we have
so that 2 . Now, we show its positivity as follows,
> 0, since each term is strictly > 0
This implies det p(V + ) > 0. Hence we can conclude that w + (u) ∈ U ad for any u ∈ U ad .
Sufficient condition for positivity
The key idea is now to make use of the positivity of w ± (u n i ) to obtain the positivity of the finite difference scheme under a forward Euler update. For simplicity of notation we drop the superscript n denoting the current time level in some of the equations below. At the interface x i+ 1 2 let us define
where α i+ 1 2 is the estimate of the local wave speed used in the flux splitting of the WENO scheme as defined in equation (4.4) . In terms of these variables, the numerical flux can be written as,
Then the finite difference scheme (4.1) can be written as a sum of two terms
which are two finite volume-type schemes. For positivity, we have to achieve u n+1,± i ∈ U ad . First we consider the state u n+1,+ i . Let us introduce a 4 th degree polynomial
and whose cell average coincides with w + i , i.e.
We compute the integral involved in the cell average by Gauss-Lobatto quadrature rule of N points as,
Similarly, we can write,
Theorem 3. Assume that the following conditions hold for all i.
The finite difference WENO scheme (4.1) is positivity-preserving if the CFL condition
Proof. The proof follows easily since we have written the update scheme as a convex combination of certain quantities, all of which are in the admissible set by the assumptions in the theorem. The CFL condition ensures that the coefficients are positive which is required to have a convex combination.
Remark 4. In the computer implementation of the numerical scheme, we do not have to construct the polynomials q ± i (x) since we only require q ±, * i and these quantities can be obtained from (4.8). The quadrature rule used for w ± i must be exact for a polynomial of degree four which requires the use of N ≥ 4 point Gauss-Lobatto rule. For the N = 4 point Gauss-Lobatto rule, we have the weight w 1 = 1 12 which is the CFL number required for the proof of positivity.
Positivity limiter
The sufficient condition (1) in Theorem (3) can be assumed directly and we have to enforce condition (2) by a positivity limiter. For given u n i ∈ U ad , the Theorem (2) implies w ± i ∈ U ad . Let us say,
To achieve the sufficient condition (2) of Theorem (3), we modify w +
are not in the admissible set, then the following limiter essentially pushes those quantities towards w + i which we know is in the admissible set.
, ρ * i and define the modified states,
) < , then we have to solve the following quadratic equation for
Similarly, if p 11 (q +, * i ) < , then we have to solve following equation for t 2 ∈ [0, 1],
We define t 1 and t 2 as,
) < , then we have to solve the following quadratic equation for t 3 ∈ [0, 1],
We define t 3 and t 4 as,
We introduce new states,
Step 3: If we have det p(w + i+ 1 2 ) < , we have to find solution of the following cubic equation
We define t 5 and t 6 as,
Using θ 3 , we define the new state,w
Step 4: Similarly, using the values
Then we obtain the scaled numerical flux as
which is the flux which is used in the finite difference scheme.
Remark 5. The computer implementation of the above method is best achieved by performing a loop over all the faces of the cells in the mesh. At each face, the positive and negative fluxes are computed using WENO scheme, the scaling limiter is applied to them and the numerical flux is obtained as the sum of the scaled positive and negative fluxes. Then in a loop over all cells, the conserved variables are updated.
2-D finite difference WENO scheme
For the two-dimensional system (2.2), the domain is discretized into a uniform mesh with nodes (x i , y j ). We define x i+ 1 2 = 1 2 (x i+1 + x i ), y j+ 1 2 = 1 2 (y j+1 + y j ) which are the mid-points of the faces, and with
] being a rectangular cell of size ∆x × ∆y. The conservative finite difference scheme using forward Euler method is given by,
where λ x = ∆t ∆x and λ y = ∆t ∆y . The fluxes are computed using the WENO scheme by applying it along each coordinate direction. For the fluxes f i+ 1 2 ,j along the x axes, we use the splitting
then compute the characteristic decomposition using the eigenvectors of the flux Jacobian along the x direction, and apply the WENO reconstruction. A similar approach is used to compute the fluxes g i,j+ 1 2 along the y direction. We rewrite the scheme (5.1) as,
. This can be written as a convex combination of two one-dimensional schemes
To prove the positivity of the scheme, we apply the same procedure to both the one-dimensional schemes as we discussed in previous section. So, we introduce the new variables
The q x,±, * ij quantities are defined in terms of q x,± ij (x) which are 4 th degree polynomials such that
and N is the number of quadrature points of Gauss-Lobatto quadrature rule used to approximate the states w x ij in x-direction which must be exact for a polynomial of degree four. A similar procedure is followed to write u n+1,y ij as a sum of two parts u n+1,y,± ij . Each of these terms is written as a linear combination of q y,±, * ij , w y,± i,j+ 1 2 . Then, we have the following result for positivity of the scheme (5.1), Theorem 4. Assume that the following conditions hold for all i, j.
Then the two-dimensional finite difference WENO scheme (5.1) is positivity-preserving if the following CFL condition is satisfied
We skip the detailed proof as it is simply based on using the one dimensional schemes along each coordinate direction and the convex combination property. The convexity requires the coefficients to be positive which leads to the CFL condition. The positivity of the second coefficient in (5.4) requires that α x ∆x + α y ∆y ∆t ≤ŵ 1 α x α x i+ 1 2 ,j and since α x ≥ α x i+ 1 2 ,j , we find that (5.6) is a sufficient condition. This condition is enough to ensure that u n+1,x,± ij , u n+1,y,± ij are convex combinations of certain other quantities. The positivity limiter as described in the one dimensional case is applied to achieve the conditions (2) and (3) of the above theorem from which the positivity of u n+1 ij follows due to convex combination of positive states. We note that the CFL number is againŵ 1 = 1 12 .
Implementation details
In computing numerical solutions of the Ten-Moment equations, we must ensure positivity of the density and positive definiteness of pressure tensor under the restriction on CFL condition derived in Section (4) and for positivity property to hold, we have to choose CF L =ŵ 1 = 1/12 which is twice the CFL number used in [40] . Even then, this CFL number is too small compared to a CF L ≈ 1 which is enough for L 2 stability, and this reduced CFL will lead to more time steps and hence higher computational cost. To decrease the computational costs, we have implemented an adaptive CFL strategy. For the iteration from time t n to t n + ∆t, we first apply the Runge-Kutta scheme without any positivity limiter and using a CFL ≈ 1. After each Runge-Kutta stage, we check for the positivity of the solution. If the solution fails to satisfy positivity conditions in any cell, the simulations exit the Runge-Kutta iteration and we go back to the previous time level t n . Now, we compute the time step ∆t by ∆t(u n ,ŵ 1 ) which ensures positivity preservation, and apply the Runge-Kutta scheme with positivity limiter to produce the solution at time t n + ∆t. The implementation of the algorithm with adaptive CFL is explained in Algorithm (1) which performs one time step of the finite difference scheme. The implementation of the SSPRK3 scheme for one time step is Algorithm 1: Adaptive CFL for positivity limiter Given u n ; Set ∆t = ∆t(u n , CFL); Set poslim = false; u n+1 = SSPRK3(u n , ∆t, poslim); if poslim=true then ∆t = ∆t(u n ,ŵ 1 ); u n+1 = SSPRK3(u n , ∆t, poslim); end explained in Algorithm (2) for the case of no source term and in Algorithm (3) when there is source term present in the Ten-Moment model. The use of such an adaptive time step condition helps to reduce the computational cost by allowing us to take large time steps in most of the iterations and we provide numerical evidence of this in later sections.
Numerical results
In this section, we first test the accuracy and convergence rate of the proposed positivity preserving WENO scheme for Ten-Moment equations on simple problems with known solutions and then apply it to more complicated problems. Further, we have compared the resolution of proposed algorithms for the case where the solution has shocks or discontinuities. To test the positivity property of the scheme, we have performed many one-and two-dimensional test cases where the positivity limiter is shown to stabilize the computations. The proposed algorithm is designed to work with all variants of WENO schemes. But to demonstrate the idea, we consider the fifth order accurate WENO-JS [17] , WENO-Z [7] , and WENO-AO [1] schemes for flux reconstruction. In the case of WENO-AO [1] , we have chosen the linear weights as follows γ 5 0 = 0.5, γ 3 −1 = 0.125, γ 3 0 = 0.25, γ 3 1 = 0.125
In the following sections, we specify the initial condition for each test case in terms of the primitive variables V = [ρ, v 1 , v 2 , p 11 , p 12 , p 22 ]
Accuracy tests
We first perform numerical experiments to measure the accuracy and convergence rate of proposed positivity preserving WENO schemes for Ten-Moment equations. The accuracy of the schemes are measured in L ∞ -, L 1 -, L 2 -error norms, which are defined for error e over the domain [a, b] as follows
where u j and (u ∆x ) j denote the exact and approximate solutions at point x j , respectively. Since the time discretization is only third order accurate while the space discretization is fifth order accurate, to ensure fifth-order convergence of the full scheme, we choose the time step ∆t = C∆x 5/3 such that this also satisfies the CFL condition. Table 1 and Figure 1 . We observe that all WENO schemes converge to the exact solution with a convergence rate of five. The WENO-Z and WENO-AO schemes are more accurate than the WENO-JS scheme, and WENO-AO and WENO-Z schemes are comparable to each other as it can be observed from Table 1 and Figure 1 . Table 2 and Figure 2 . It can be observed that all considered WENO schemes achieve the expected convergence rate and WENO-JS is less accurate as compared to WENO-Z and WENO-AO schemes. Table 4 : Comparison of L 1 -, L 2 -and L ∞ -errors along with their convergence rates for low density problem Example 7.4 with˜ = 10 −2 at time T = 0.5.
Similar to the previous cases, velocity and pressure p 12 and p 22 remain constant with time t. The density and pressure p 11 at time t are given by,
Numerical solutions are computed till final time T = 0.5 using periodic boundary conditions and errors are shown in Table 3 and Figure 3 . All the considered schemes converge to the exact solution with a convergence rate of five.
Example 7.4. (Accuracy test for low density problem)
This test is performed to study the accuracy of the proposed scheme when positivity limiter is active. We consider the domain [−0.25, 0.25] and the initial profile with the low density given as,
with the potential W (x) = x. The exact solution at time t is given by, ρ =˜ + sin 2 (2π(x − t)),
All other variables remain constant at any time t. We compute the solutions with the parameter˜ taking the value 10 −2 or 10 −6 . The boundary values are evaluated using the exact solution. The solutions are computed at the final time T = 0.5. For˜ = 10 −2 , the positivity limiter is not used since the base scheme maintains positivity during the simulations. In this case, the convergence results using WENO-AO scheme are tabulated in Table 4 and we observe close to optimal accuracy in all norms. For˜ = 10 −6 , convergence results are depicted in Table 5 . In this case, positivity limiter is used during simulations many times. We can observe from Table 5 that the positivity limiter does not degrade the accuracy and convergence results of the scheme atleast in L 1 -error norm, which is consistent with the results observed in [37] . Similar results have been obtained with WENO-JS and WENO-Z schemes (not shown here to save space). The numerical solutions are computed at final time T = 0.125 using 100 cells and outflow boundary conditions. In Figure 4 and 5, we have compared the solutions of the primitive variables obtained using WENO-JS, WENO-Z, and WENO-AO schemes with the exact solution. Since this problem does not have low density or pressure, the positivity limiter is not called in any WENO scheme. We observed from the Figure 4 and 5 that, all the proposed WENO schemes capture the shock wave in a non-oscillatory fashion. The resolution of WENO-AO scheme across the discontinuities is better than that of WENO-JS and WENO-Z schemes. In Figure 6 , we have compared our proposed algorithms with published results [26] for density and velocity. We can easily observe that WENO-AO scheme has better resolution in comparison to the second order finite volume scheme. Similar observations are seen in the case of other variables (not shown here).
Test cases with discontinuities
Example 7.6. (Two-shock wave) This problem is a standard test case for the Ten-Moment equations [5, 28, 30] . It consists of a Riemann problem with an initial discontinuity in the velocities at x = 0 over the domain [−0.5, 0.5]. The initial data is given as 1, 1, 1, 0, 1) , −1, −1, 1, 0, 1) , if x > 0
The exact solution contains the two shock waves separated with contact discontinuity. The numerical results are computed at the final time T = 0.125 using 100 cells. In Figure 7 and 8, we have compared the solutions obtained using WENO schemes with exact solutions. We observed that all the WENO schemes capture the shock efficiently without oscillations and the positivity limiter is not used during the simulation. We observed the spikes in Figure 8 , which is the result of two opposing hypersonic flows at contact discontinuities.
Example 7.7. (Two-rarefaction wave) This Riemann test contains two rarefaction waves separated with a contact discontinuity. Here, we consider the same domain and point of discontinuity as in the previous test. The initial data is given by 1, 1, 1, 0, 1) , if x > 0
The numerical results are computed using WENO-JS, WENO-Z, and WENO-AO schemes with 200 grid points up to the final time T = 0.15 and comparison of the results is depicted in the Figure  9 . We can observe from the figure that all the proposed schemes resolve the solution accurately. Since this test case is not intended to test positivity limiter, we found that positivity limiter is not active in all the simulations. [5, 6] is used to test the positivity of the numerical schemes. The exact solution contains low density and pressure areas near the origin, which is difficult to compute using high order schemes without a positivity limiter. The initial condition is given with a discontinuity at the origin as follows V = (1, −5, 0, 2, 0, 2), if x ≤ 0 (1, 5, 0, 2, 0, 2), if x > 0 over the domain [−0.5, 0.5] with outflow boundary conditions. This test case involves the propagation of two rarefaction waves away from the center leading to a low density and low pressure area near the origin.
Numerical solutions computed using WENO schemes are presented at time T = 0.05 using 100 mesh points. In Figure 10 , we have shown the numerical results obtained using considered WENO schemes for density and pressure components p 11 , p 22 . Here, the reference solution is computed using WENO-JS scheme with 1000 mesh points. From Figure 10 , we can observe that the WENO-AO scheme result is closer to the reference solution as compared to the other considered WENO schemes. In Figure 11 , we have compared the result obtained using WENO-AO scheme with increasing number of mesh points. The WENO-AO solution moves closer to the exact solution as we increase the number of mesh points. Upto now, we have observed that WENO-AO performs better than the other two considered WENO schemes. In order to save space, henceforth we will show results obtained using WENO-AO scheme only.
The positivity of the solution is maintained by calling the positivity limiter during simulations. To maintain the positivity, we use a uniform CFL number equal to 1/12. Here, we want to compare the uniform CFL with adaptive CFL. In the adaptive CFL, initially we set CFL=0.95 and compute the solution. If solution fails to satisfy the positivity condition, we go back to previous level and reset the CFL equal to 1/12. This process is repeated until the final time is reached. In Table 6 , we have compared the CPU time (in second) taken by WENO-AO scheme using adaptive and uniform CFL. We can observe from Figure 12 (a) and Table 6 that WENO-AO scheme with adaptive CFL is 10 times faster than WENO-AO scheme with uniform CFL. In Figure 12 (b), we have compared the solutions obtained using adaptive and uniform CFL with 100 mesh points. The solution obtained using adaptive CFL is comparable with that obtained with uniform CFL condition. In Figure 13 , we have compared the solution obtained using WENO-AO scheme with the second order finite volume scheme [26] along with the reference solution. The reference solution is computed using finite volume scheme with 5000 mesh points. We can observe from the zoom versions of Figure 13 , the WENO-AO scheme resolves the shock and high-frequency wave more accurately in comparison to second order finite volume scheme. This again demonstrates the utility of high order scheme like WENO for computation of multiscale phenomena as compared to second order schemes. Figure 14 . In Table 7 and Figure 15 (a), we have compared the numerical results obtained using adaptive CFL with that of uniform CFL. We observe that as we increase the number of mesh points, WENO-AO with adaptive CFL becomes faster than WENO-AO with uniform CFL. In Figure 15 , we have compared the solution obtained using adaptive CFL and uniform CFL along the y = 0 line. Both the solutions are comparable to each other.
Example 7.11. (2-D discontinuous near vacuum test [28] ) In this test case, we consider an initial condition with a discontinuity at unit radius in the domain [−2, 2] × [−2, 2] and the initial primitive variables are given by V = (1, 8r, 8r, 2, 0, 2), if x 2 + y 2 < 1 (1, 0, 0, 1, 0, 1), otherwise wherer = (x/r, y/r), r = x 2 + y 2 is the unit vector in the radial direction and boundary values are obtained using outflow boundary conditions. The solutions are computed till final time T = 0.05 using 200 mesh points. The numerical results are displayed in Figure 16 . We can observe that WENO-AO scheme computes the solution in a non-oscillatory fashion while maintaining the postivity of the solution. The WENO-AO scheme with adaptive CFL is four times faster than WENO-AO scheme with uniform CFL as observed from Table 8 . In Figure 17 (b), we have compared the solution obtained with adaptive CFL and uniform CFL along the axis y = 0 using 100 × 100 mesh points. Both solutions are comprable with each other which shows that it is preferable to use adaptive CFL algorithm. 9, 7, 9) , if x ≤ 2 (1, 4, 0, 9, 7, 9) , if x > 2 and the Gaussian source term is given by,
The numerical results are computed using WENO-AO scheme with 500 grid points at time T = 0.1. To see the effect of the source, we compute the solutions for the Riemann problem with source term (non-homogeneous) and without source term (homogeneous). In Figure 18 (a)-(b), we have shown the density and pressure component p 11 , respectively. The solution with and without source term is predominantly in the low density regions in the middle of the domain. But the solution with source is seen to be much closer to the vacuum state. The solution without source term maintains its positivity without calling the positivity limiter. On the other hand, the positivity of the solution with source term is preserved only by using the positivity limiter. The numerical results show good agreement with the published results [28, 30] .
Example 7.13. (Uniform plasma state with two-dimensional Gaussian source [28] ) This test is considered to see the two-dimensional effect of the source term [28, 30] . Here, we consider a uniform initial plasma state given by V = (0.1, 0, 0, 9, 7, 9) and a two-dimensional Gaussian source term given by, W Figure 20 , we have compared the one-dimensional cross-sections of density solution along the y = −x + 4 line obtained using WENO-AO scheme and the solution obtained using second order finite volume scheme [26] with different resolutions. Since we do not have an exact solution, the reference solution is obtained using the second order finite volume scheme [26] with 800 × 800 grid points. From Figure 19 -20, we can see that the solution consists of a low density area at the center of the domain. This is induced by the Gaussian source term, as a uniform state is preserved for a zero source term. The WENO-AO scheme obtains the solution without the use of positivity limiter and results are comparable with published results [28, 30] . The advantage of using a high order scheme is observed in Figure 20 as the WENO-AO result on 200 × 200 mesh is close to the result of second order scheme on 800 × 800 mesh (Reference solution). , we have shown the density variable for v T = 0 and v T = 1, respectively, using 100 × 100 mesh points. In Figure 22 , the numerical results along the line y = 50 are compared with the reference solution which is computed using finite volume scheme [ with 500 × 500 mesh points. In Figures 22 (a) and 22 (b), we have compared the density and pressure p 11 solutions respectively, for v T = 0 and v T = 1. We see that, as we increase the value of absorption coefficient v T , the density decreases and pressure p 11 increases at the center of the domain, and these results are consistent with the results presented in [6, 28, 27, 30] .
Summary and conclusions
The Ten-Moment equations form a hyperbolic system of PDEs which can develop shocks and other discontinuous features. In this work, we have developed a positivity preserving finite difference WENO scheme for the Ten-Moment equations with source term. The key idea is to first establish that the scheme with Lax-Friedrich flux splitting is positive under a CFL condition and then use this to make the high order scheme positive by scaling the numerical flux of the high order scheme. The proof of the positivity property is independent of WENO reconstruction which makes this a very general approach. To demonstrate the idea, we consider three variants of WENO schemes, namely WENO-JS [17] , WENO-Z [7] , and WENO-AO [1] . In addition, we solved the source ODE exactly and proved that the proposed solution of the source ODE is positivity preserving without any restriction on the time step. The discretization of the complete system with high order accuracy in time is achieved by an integrating factor strong stability preserving time integration scheme. The resultant scheme is shown to be positivity preserving for any given potential W (x, y, t) in the source term. The numerical experiments show that design order of accuracy is achieved even in the presence of time dependent source terms. The non-oscillatory nature is demonstrated on many test cases containing discontinuous solutions and we also show that the high order nature of the scheme gives better solutions compared to standard second order finite volume schemes. For some test cases, the positivity limiter is shown to lead to stable computations which otherwise break down due to loss of positivity. The positivity limiter induces a smaller CFL number and to improve the efficiency of the algorithm, we have implemented an adaptive CFL strategy. We have analyzed that the scheme with adaptive CFL is about 10-12 times faster than that with uniform CFL for 1-D test cases and almost 2-4 times faster in 2-D cases, while solution obtained using adaptive CFL is comparable with that of uniform CFL. In comparison of WENO-AO scheme with WENO-JS, WENO-Z, and finite volume [26] schemes, we conclude that the WENO-AO scheme resolves the shocks and high frequency waves more accurately.
